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Abstract-we study the large-time behavior of smooth solutions to a nonuniformly parabolic 
equation with bounded initial data. Decay rates of the solution in LP (p E [l, ~1) norm are obtained 
in Theorem 2.3. Meanwhile, we obtain that the solution converges to a self-similar solution only 
depending on the behavior of the initial data at infinity and convergence rates are also derived in 
Theorem 4.4. On the other hand, we also obtain periodic behavior of the solution under periodic 
initial data and exponential decay of the solution in L2 norm in Theorem 3.1. These results cover 
the conclusion in [l]. @ 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
In this paper, we will investigate the large-time behaviour and periodic behaviour of smooth 
solutions to a nonuniformly parabolic equation in the form 
with the initial data 
= tuzz, XERI, 
u(x, 0) = 7&J(x). 
t > 0, (1.1) 
P.2) 
Equation (1.1) is not only the mathematical model of the propagation of finite-amplitude sound 
waves of duct with variable-area (see [1,2]), w h ere u is an acoustic variable, with the linear effects 
of changes in the duct area taken out, and the coefficient t of the viscosity term tu,, is determined 
by the particular duct chosen, but also is a means to study hyperbolic conservation laws [3,4]. 
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Meanwhile, (1.1) is also the model of the small amplitude with high frequency of the unsteady 
Navier-Stokes system 
Ut + C(U)U% = Re-r O,(U) + z;‘D~(U,Z), (1.3) 
with cylindrical symmetry motions. Here, U = (p, w, c) T is the unknown column vector and 
Dz(U, x) = -jxp/x( 1 + EP, 0,O) T is a column vector that depends upon the geometry, with 
j = 0, 1,2 for planar, cylindrical, and spherical motions, respectively. Let U = UC +E(UO +&VI + 
. . . + plU2 + pzU3 + . . . ) in equation (1.3) where ~1 = Re-‘, ~2 = z;‘, and introduce the slow 
variables ~1 = st, 72 = pit, ~3 = ,ugt besides the fast variable t = 70. Thus, we have, formally, 
at = drc + sdrr + ~1%z + ~28~3. In this situation, it is obtained that a singular equation 
WfWW +E=Ew t 
x w 
III (1.4 
where x, t are new space-time variable and Uo makes W as its component, see [5,6]. When 
j = 0, (1.4) is a well-known Burger’s equation. Hopf [7] has studied it by utilizing the Hopf-Cole 
transformation. For the cases j = 1,2, if we use the translation u = t’12W, t’ = 2t1i2 and 
replace t’ with t and set E = 1, we can obtain (1.1) for j = 1. We have studied the behaviour 
of W for the case j = 2 [8]. In [9] we have used completely different methods from one in [8] 
to study existence of smooth solutions to (1.1) and (1.2) b ecause of the difficulty caused by the 
nonuniform parabolicity of the equation (1.1). The regularization of E -+ 0 was studied in [lo]. 
This problem was first studied by Scott [l]. He was concerned with continuous uc(x) such 
that uo(x) -+ C f D as x --) foe, corresponding to a piston motion starting at some constant 
velocity. He was interested in the long time behaviour of u(x, t). But, in [l] it is the assumption 
that there exists a classical solution of (1.1),(1.2). But, it seems difficult to find a global classical 
solution with a weak restriction on the initial data such as UO(X) E L”. The main difficulty is the 
singularity t + 0. Meanwhile, Slemrod studied the existence of the solutions of some situation 
of (1.3) in spherical and cylindrical motions for the case x > x0 > 0. x + 0 is a singularity 
point in [ll]. This singularity x --+ 0 is similar to one t + 0 in equation (1.1) due to the above 
perturbation (see [5,6]). In [3], D a ermos f studied the solution of (1.1) with Riemann initial data. 
It can be rewritten as an ordinary differential equation in the variable ,$ = x/t. For the Cauchy 
problem these methods do not work since there do not exist self-similar solutions for general 
initial data. The coefficient t of the diffusive term does not have a positive lower bound. It 
causes the well-known Holder inequality to be invalid if we use the energy method as for the 
uniformly parabolic equation. So, we have to search for the completely different methods in [9] 
from those studying uniformly parabolic equations. We construct two approximate sequences to 
obtain the existence of smooth solutions of (1.1) and (1.2) when ]uc] 5 K < 1 in [9]. Meanwhile, 
Wang and Warnecke [12] studied the existence and uniqueness of the weak solution to (1.1) 
and (1.2) when 2~0 E L”. It is well known that (1.1) with initial value u(te, x) = ut,, (x) E L” 
(to > 0) possesses a classical solution. Thus, choosing utO(Z) to be the value of the unique weak 
solution of (1.1) and (1.2) at t = t 0, we obtain the global existence of smooth solutions when 
uo E Loo. Therefore, the foundation of this whole paper is that the smooth solution of (1.1) 
and (1.2) exists. In this paper, we study the large time behaviour and decay of smooth solutions 
in LP (p E [l,m]). M eanwhile, we find the solution converges to a self-similar solution which only 
depends on the value at infinity of the initial data. This implies that the large time behaviour 
of the solution to (1.1) and (1.2) is only decided by the value at infinity of the initial data. 
Convergence rates are obtained under some restriction to the initial data. On the other hand, 
we also obtain exponential decay of the solution in L2 norm when UO(X) is a periodic function. 
These results completely cover the conclusion in [l]. 
Our plan of this paper is as follows. In Section 2, we study decay rates to the solution of (1.1) 
and (1.2) in LP (p E [l,co]) norm. Existence and exponential decay rate of periodic solutions 
were obtained in Section 3. In Section 4, we will obtain the solution of (1.1) and (1.2) converges 
to a self-similar solution. Our method mainly is the energy method and the Green function. 
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2. DECAY RATE OF THE SOLUTION 
TO (1.1) AND (1.2) IN P-NORM 
In this section, we will obtain the decay rate of the solution of (1.1) and (1.2) in U-norm. 
THEOREM 2.1. If uO E L’ n P, then for all p = 2” with s > 1 a positive integer, 
lIU(/Li’ 5 c, (t2 + l)--j1-1’p)1’2. 0.1) 
where 
c, = 
{ 
c, s = 1, 
2(1+3s/2)/23cp,2, s > 2. (2.2) 
Here C is a positive constant depending on /j~~ll~~ and liu,-llL~. 
PROOF. We will prove it by using the inductive method. First, we show (2.1) is true for s = 1. 
Multiplying (1.1) by u and integrating in space yields 
d 
J 
cc ti&=-t O” 
dt --oo 2 .I 
--03 /~,I2 ds. 
Applying the Fourier transform and the Plancherel’s equality, we have 
d 
z -~ 2 J’ 
m lli”d+t 
.I 
m -~ lE12142 dE I -t / lE121Q12 4,
A(t) 
where 
,u(x, t)PE dz, 
and 
That is, 
and 
A(t) = (4 : I[\ > (t2 + 1)-l”} 
Multiplication (2.5) by (t2 + 1) yields 
By (2.4) and Theorem 3.3 in [9], we have 
I/~L- I J_, 1~1 dz L I-, /uo/ dz. 
By using (2.7), we can obtain the further estimate of (2.5) 
Integration from 0 to t yields 
(2.4) 
(2.5) 
(2.7) 
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By the Plancherel’s equality, we have 
where C is a positive constant depending on /(zL~((Lz and (/~e(l~~. 
Next, we suppose that (2.1) is true for q = 2’-l (s 2 2). That is, 
J 
O” lzp dx < (Cq)4 (t2 + 1)-(“-1)‘2 
-co 
We will prove 
J 
O3 IUJP dx < (C,)P (t2 + 1)-(@)‘2 . 
--co 
Multiplication of (1.1) by up-l and integration in space implies 
(24 
(2.9) 
The second integral on the left-hand side vanishes, and hence, after an integration by parts in 
the right-hand side, we have 
Note that 
It follows that 
d O3 
FE -rn J 
uP--2u2 = 
z 
l+‘d3: = -p(p - 1)t J O” up-%; dz. -03 
; s_* lulPda: = -‘(pqz ‘It .Ip, [(uq)J2 dx 5 -Ill [(uq)J2 dx, 
cc 
where the last inequality follows since p(p - l)qF2 2 1 for s > 2. Application of Plancherel’s 
theorem to the last inequality yields 
(2.10) 
where we have let w = Cq. Let 
4 = { * IEI . IEI I (&j1’2}. 
We now split the integral on the right-hand side of (2.10) into an integral over A, and one over AZ 
and we bound -It/ on A: by the radius A,, obtaining 
w 
= @fl --oo -- Jm b124 + s,, (& - w2) IWI~C 
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The last inequality is now multiplied by the integrating factor (t2 + l)q, 
Hence, 
By (2.8), we have 
Therefore, 
Integrating with respect to t from 0 to t, we have 
s M lulPdrc<2 1+3s’2(cq)p (t2 + q-(‘-1)‘2. -cc 
Therefore, we have 
lluljLr, 5 2(1+3~/2)/2~~~ (p + l)-(1-1/P)1/2, 
COROLLARY 2.2. If uc E L1 n L", then the solution u of (1.1) and (1.2) satisfies 
IIUIILrn 5 213'4C(t2 +1)-1’2, 
where C is the constant in Theorem 2.1. 
PROOF. By (2.1) and (2.2), we have 
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(2.11) 
(2.12) 
(2.13) 
(2.14) 
(2.15) 
llu(t)/loo = Jirir ( lrn ,ulp dx) “’ 5 )%C, (t2 + l)--(1-1’p)1’2 = 213’4C (t2 + 1)-1’2 (2.16) 
--03 
THEOREM 2.3. Under the conditions in Theorem 2.1, for p E [l, co] we have 
(1 llP)1/2 
II+ 5 cp (t2 + 1>- - (2.17) 
PROOF. For p E (2, oo) by the following standard Sobolev interpolation inequality for LP spaces: 
and for p E (1,2), 
(2 P)lP 
IMLP i ll”llLl- 
%P--l)‘P 
llUIlL2 . 
Inequality (2.17) can be easily obtained since ]]u]]L~ 5 ]]zL~]]L~ proved in Theorem 3.1 [14]. 
REMARK 2.1. The decay rates are faster than ones of the solution to the heat equation with L" 
initial data. This is caused by the diffusive term tu,,. 
REMARK 2.2. The decay rate (2.17) is the same as one of the linear parabolic equation ut = tu,,. 
For example, v(z, t) = (1 + t2/2)- 1’2e-“2’(1+t2’2) is the solution of the Cauchy problem 
t 
?Jt = -?J*z, 
4 
v(z, 0) = &. 
By simple calculation, we know 
lbJ(.,t)llLP I c 1 + ; 
( > 
-(l--llP)1/2 
REMARK 2.3. Due to the nonlinear term, we cannot obtain decay rates in LP norm of the 
derivative function of U(X, t) with respect to IC in the same way. In our next paper, we will study 
them. 
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3. PERIODIC SOLUTION TO (1.1) AND (1.2) 
In this section, we will show that (1.1) possesses a periodic solution when the initial data is a 
periodic function and the periodic solution is exponentially decaying. 
For the general heat equation ut = z1,, with the initial data ZJ~(E) possesses a solution in the 
form 
w(x,t) = (4nt)- ‘i2S_m_exp (-q) ue(y)dy. 
We can easily see that if wc(z + k) = we(z), k is a constant, 
w(x + k,t) = (47rt)-1’2 Jm ( exp Jx+~-Y)~ 4t > VO(Y) & 
= (4rt)-li2 i[ exp (- (x - (“,, k))2) vc(y - k) dy = w(x, t). 
This implies that ~(2, t) is a k-periodic solution. Next, we will show that the solution U(Z, t) 
of (1.1) and (1.2) also possesses the same property. 
THEOREM 3.1. Let UC,(Z) be a smooth k-periodic function and ~~u~(x)~~~~ < 1. Then, the 
solution u of (1.1) and (1.2) is also a k-periodic function and satisfies 
J Iu - ~1~ dx 5 Mexp (-j?t") , (3.1) k 
provided that 
1 
fi=- J k k uo(x) d ,
where /3 is a positive constant and M is a positive constant depending on UO. 
PROOF. We can define a Banach space 
(3.2) 
qu) = {u : u E c2J@ x (0, to)), u(x + kt) = 44) 7 
and construct an integral operator 
u(x,t)=-~~~a,~(x-y,;-;)~dyds+~~E(x-y~;)uo(y)dy> (3.3) 
where E(z, t) = (4,rrt)-1/2 exp(-x2/4t) is the heat kernel of the equation it = w,,. 
By the way, as in [9], we can prove this operator is a contract map in B(u) for an arbitrary 
given T > 0. 
Next, we will show L2 rates (3.1) of decay for the periodic solution. By (1.1) we know that 
u - c satisfies the equation 
(u - a), + i.& + 
(u - c&)2 
( > 
~ 
2 2 
= t(u - ii),,. 
First, we can easily prove from (3.4) 
J k(u(x, t) -e)dx = J k(uo(x) - ~3dx. (3.5) 
Multiplication by (u - G) and integration in a period to (3.4) implies 
I (u--)2 dx = -t k 2 J u; dx. k (3.6) 
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Now, we recall Poincare’s inequality: let 21 E R” he a k-periodic C1 function with average 
Then, 
J’ 
k Iv - vl’dx 5 j /; IV,u/‘dx, 
L 
where p depends only on n and k. 
By using Poincare’s inequality we obtain 
$1 1’~ - ~1’ dx < -2Pt /” lu - ~1 dx. 
k 
(3.7) 
It follows that 
J’ 
k 1u - aI2 dx 5 ~11~0 - iij2 dxexp (-pt”) 5 Mexp (-pt”) (3.8) 
4. LARGE-TIME BEHAVIOUR OF 
THE SOLUTION TO (1.1) AND (1.2) 
In this section, we will show that the solution of (1.1) and (1.2) converges to a self-similar 
solution. Meanwhile, decay rates of convergence will be given. 
Let u be the solution of (1.1) and (1.2) with UO(Z) E L” satisfying 
uo(x) = 
{ 
u-, X”-CX3, 
u+> x-+$30, 
where U& are constants. Let R be the solution of (1.1) with the initial data &(x) E L” satisfying 
n,(x) = 
{ 
u--, x I 0, 
US-1 x > 0. 
In [3,13], we know that R possesses the following properties: 
(i) R is a self-similar smooth solution +(x/t); 
(ii) 0(x, t) + U-, as x ---f -cc and Q(x. t) + u+, as x + +oo for all t > 0. 
Let w = u - R. Then, w satisfies 
wt+ (Qw+g) =tw23., 
w(x, 0; = we(x) = 7@(x) - Q,(x). 
(4.2) 
(4.3) 
(4.4) 
By (4.1) and (4.2), we know that wg(z) + 0 as (xl + 00. 
LEMMA 4.1. The solution R of (1 .l) and (4.2) satisfies 
IQZI I +> (4.5) 
A is a positive constant. 
PROOF. Let [ = x/t and $J(<) = R(x,t). Then, (1.1) and (1.2) b ecome an ordinary differential 
equation 
$,(hm) = x!z> (4.6) 
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where ’ = d/(d[). Multiplication of (4.6) by et’/’ yields 
(@4/2)’ = *4’&%. 
From (4.7), we can obtain 
(4.7) 
$I’([) = 7/1’(0)e+/~ - 2e 42(o) -p/2 I @2(E) 
2 s 0 
5 sf9’2-1’)/2 &. 
Integration from -1 to 1 implies 
tit’(O) J’ e- ti2(‘) <‘I2 d[ = $~(l) - $(-1) + 2 ’ ,4/2 dJ _ ’ m dJ 
-1 s -1 s -1 2 ' J'S 
(4.8) + 
-1 0 
' s$f$e(J2-e2)/2 &d(, 
and this shows, on account of (i) and the bound of $j in [3], that $‘(O) is uniformly bounded. On 
the other hand, (4.7) implies 
W’(t)1 5 I~‘(WC~-E2~2, (4.9) 
where C is the bound of G(t). Combination of (4.8) and (4.9) yields that II//(<)] is also uniformly 
bounded. By R,(z,t) = @‘(<)(1/t), we complete the proof of this lemma. 
THEOREM 4.2. The solution w of (4.3) and (4.4) satisfies 
IlwwllL- I l/~OIlL~r if u- < u+, (4.10) 
Ilw(t)IlL1 L lbOIIL’> for t > 0. (4.11) 
PROOF. Inequality (4.10) can be easily proved similar to the method in Section 3.2 of [14]. We 
omit the details. Next, we prove (4.11). 
Let g be the solution of the adjoint equation &g + (R + w/2)&g + @g = 0 with the Cauchy 
data g(T, z) = y(z) E Cr and variable T - t. Similar to the proof of (4.10) we can obtain that 
the maximum principle is true to the adjoint equation. Therefore, we have if lr(z)I 5 1, then 
jg(x,t)l < 1. Since 
T 03 
ss 
3, (wg) dx dt = w&C X)Y(X) dx - 
0 -cc s 
cc 
40, x)g(O, x) dx, 
-m 
and the equations satisfied by g and w give 
T cc 
JJ 
T 00 
8, (wg) dx dt = /J g&w+w&gdxdt=O, 0 -cc 0 -cc 
we have 
Therefore, 
J 
03 
s 
03 
w(T, x)-y(x) dx = 40, x)g(O, x) dx. 
-m -cc 
r 
W”, X)-Y+) dx I 
r 
--w Iwo(x)I dx 
-cc 
(4.12) 
holds for any given y(z) such that y(z) E Cr and ly(x)( 6 1. The arbitrariness of y and (4.12) 
implies (4.11). 
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LEMMA 4.3. (See [l4].) For every p E [2, m) th ere exists some constant C = C(p, N) > 0 such 
that 
for every v E W2~p(lRN) n L1(IRN). 
THEOREM 4.4. Ifwo(z) E L1 n L”, then the solution of j4.3),(4.4), for P E [2, oo), satisfies 
w E C ((0,00); Ll(Iw) n W2~p(R)) . (4.14) 
And for p E [l, CQ), we have the following decay rates. 
(a) If u- < u+, th en there exists a constant Cl(p, I~woIIL~) depending on P and /IwoljL~ such 
that 
lIw(t)llLi’ 5 G(P, IlwIIL+-(l-l’p). (4.15) 
(b) If u- > u+, then there are 7’ > 1/2A and a constant Cz(P, I/woI~L~) depending on p and 
l\wOllLl such that fort > T, we have 
lIw(t)IlLP I c2(P,lIwoIIL') (t - $J(1-1'p)1'2) (4.16) 
where A is constant in Lemma 4.1. 
PROOF. Equation (4.14) can be obtained by [15,16] and the result in [12]. Next, we will prove 
decay rates. First, we restrict p 2 2. Multiplying IwIP-~~u to (4.3) and integrating with respect 
to the space variable yields 
That is 
; 2 lrn lwlP dx - ‘$ I_,_(lwlP)Jldx = -t(p - 1) SW IwI~-~‘w; dx, 
00 -c-a 
$ $ lrn jwjpdx + ‘+ lrn IwIpOz dx = -ty s_u, 1 (~zu~~/~),~~ dx. 
cm -cc 
(4.18) 
We denote y(t) = lIwll&, 
Cl = 4(P - 1) 
2Pl(P--1). 
P2CIIWOIIL~ 
If U- 5 u+, then R, > 0 by [13]. Hence, 
-$ s_“‘ lwlpdx < -tv lrn 1 (lwip/2)r12 dx. 
M -02 
By Lemma 4.3, we have 
Solution of it yields 
y’ + Clty(P+w(P-l) < 0, 
- 
y(t) 5 
[ 
y(o)-2’(p-1) + St2 
] -(P-l)/2 I [3tZl -(P-1)/2, 
(4.19) 
(4.20) 
(4.21) 
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(a) will be proved by replacing y(t), Cl. Next, we deal with the case U- > u+. By Lemma 4.1 
and [ll], we know that 0 > R, > -A/t 2 -A for t > 1. Let al = (p - 1)A. Similar to (4.19), we 
have from (4.18) 
&P-l) II+,~+l)‘(p-l) 5 0. 
CllWOllLf 
(4.22) 
Hence, the above inequality can be rewritten as 
y’ - aly + clty(P+W(P-l) < 0 - . 
Multiplication by (2/(p - l))~-(P+~)/(p-~) exp(2ait/(p - 1)) yields 
(4.23) 
( 
,~~l~l(P-~)y-2/(P-1) 
> 
’ > 2 
-p-1 
Clp’tl(P-~) 
That is, 
,2Aty-2/(p-1) ’ > 2 
> 
-Clte2At. 
-p-1 
Integration from 1 to t implies 
(4.24) 
y(t)-2/(P-l) > y(q-2/w) - (p y;)A eWl--t) + 
To replace y(t) by ]]w]]&,, we obtain 
By w = u - R and the result of [12], we know that ]w] _< ]u] + [RI 5 Ca (a positive constant). 
Therefore, by Theorem 4.2, we have 
llWU,~)IlLP I Ilw(l,~)ll~~l~‘~llw(l,~)lI~~ 5 cllwoll;k 
Further, we can obtain 
(4.25) 
By (4.25) there exists a T > 1/2A such that for t > T, the inequality 
wJ& - 2c(~~“~<~(t-~)e2A(t-l) 
holds. Hence, for t > T, 
Ilw(t)l/$p’(p--l) > &~~wo~p-l) (t - &) . 
This shows (4.16) is true for p E [2,oo). For p E [1,2], (4.15),(4.16) will be obtained by using 
Holder inequality and (4.15),(4.16) for p = 2. 
REMARK 4.1. Comparing with the case of nonuniformly linear parabolic equations, the decay 
rate (4.15) is optimal. But, (4.16) does not seem optimal. The major difficulty is how to deal 
with the unbound of ls1,l as t + 0. 
CONCLUSION. In [l], the author analyzed the fundamental solution of (4.3) and estimated 
the L” norm. He obtained that the solution U(IC, t) + fl(rc, t) as t -+ 03 in L” norm. Here, we 
calculated ]]u(z, t) - s2(z, t) 11~~ by using the potential estimate and obtained ~(5, t) converged to 
0(x, t) in LP norm for p E [l, oo] as t + co, as well as convergence rates. These results cover the 
conclusion in [ 11. 
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